We have reformulated the definition of the Jacobi (generalized)-Lie bialgebras ((g, φ0), (g * , X0)) in terms of structure constants of the Lie algebras g and g * and components of their 1-cocycles X0 ∈ g and φ0 ∈ g * in the basis of the Lie algebras. Then, using adjoint representations and automorphism Lie groups of Lie algebras, we give a method for classification of real low dimensional Jacobi-Lie bialgebras. In this way, we have obtained and classified all real two and three dimensional Jacobi-Lie bialgebras.
Where i φ0 P is contraction of a P ∈ ∧ k g to a tensor ∧ k−1 g; furthermore d * being the Chevalley-Eilenberg differential of g * acting on g and d * X0 is its generalization [6] such that we have
meanwhile [, ] g φ0 is φ 0 -Schouten-Nijenhuis bracket with the following properties [5] ∀P ∈ ∧ k g,
[P, P ′ ] φ0 = (−1)
[P, P ′ ∧ P ′′ ] φ0 = [P, P ′ ] φ0 ∧ P ′′ + (−1)
(−1) 
Furthermore, in the above definition the φ 0 (X 0 ) means the natural inner product of the dual spaces g and g * . Note that, the above definition is symmetric with respect to (g, φ 0 ) and (g * , X 0 ) i.e. if ((g, φ 0 ), (g * , X 0 )) is a Jacobi-Lie bialgebra then ((g * , X 0 ), (g, φ 0 )) is also a Jacobi-Lie bialgebra [5] . For the last case we have d as the Chevalley-Eilenberg differential of g acting on g * and have the following φ 0 ∈ g * generalization [5] ∀w ∈ ∧ k g * d φ0 w = dw + φ 0 ∧ w,
with the Schouten-Nijenhuis bracket replaced by
∀ Q ∈ ∧ k g * ,Q ′ ∈ ∧ k ′ g * ; with the same properties (6)- (8) as for [, ] g φ0 . Remark 2 [5] : In the above definition the X 0 and φ 0 are 1-cocycles on g * and g respectively i.e. we must have
Remark 3 : In the case of φ 0 = 0 , X 0 = 0 the definition 1 recovers the concept of a Lie bialgebra [3] , that is, a pair of dual Lie algebras (g, g * ) such that relation (1) reduces to the following one
For the above case there is a correspondence between Lie bialgebra (g, g * ) and the Manin triple (g ⊕ g * , g, g * ) such that the direct sum g ⊕ g * is a Lie algebra when g and g * are isotropic subspaces of g ⊕ g * with respect to ad-invariant symmetric pairing [4] . But for the Jacobi-Lie bialgebra ((g, φ 0 ), (g * , X 0 )) where in the sense of Tan and Liu [8] , we have the following bilinear skew-symmetric bracket on the space g ⊕ g *
∀X, Y ∈ g and ζ, η ∈ g * ; such that Lie derivative L * X0 (L φ0 ) of g * (g) on g(g * ) are defined as follow
and
where, for
in general the (g ⊕ g * , [, ] g⊕g * ) is not a Lie algebra, i.e. the Jacobi identities don't satisfy the algebra g ⊕ g * . Now, choosing the basis of the Lie algebras g and g * as {X i } and {X i } respectively, we try to reformulate the above definitions in terms of structure constants. We have
where f ij k andf ij k are the structure constants of the Lie algebras g and g * respectively, such that they satisfy the following Jacobi identities 
Furthermore, according to duality between g and g * we have
On the other hand, we know that for the Lie bialgebras by choosing [10] d
the relation (13) can be rewritten in terms of f ij k andf ij k as the following mixed-Jacobi identities
and using the ad-invariant symmetric bilinear form on the Manin triple of Lie bialgebras g ⊕ g * one can find the following commutation relation [3] [
where relation (24) together with (20) and (21) are the Jacobi identities on the Lie algebra g ⊕ g * . Now, for Jacobi-Lie bialgebra (1)- (3) and (11)- (12) one can also apply relation (23) as Chevalley-Eilenberg differential. In this way, expanding X 0 ∈ g , φ 0 ∈ g * in terms of the basis of the Lie algebras g and g *
and using (4), (19) and (23), after some calculations, relations (1)-(3) and (11)-(12) can be rewritten as follow, respectively,
Furthermore, from (14)- (16) and (19),(22) after some calculation, one can find the commutation relations between {X i } and {X j } as follows
Note that relations (20)- (21) and (27) 
and we have
where the commutation relations between {X i } and {X j } are as follows
These relations can be applied to finding and classifying the Jacobi-Lie bialgebras in low dimensions as for the Lie bialgebras and Lie super bialgebras in low dimensions [11, 12] . The following proposition will help us for this aim.
where A m n s are the elements of the automorphism matrix A for the Lie algebra g and
Proof: From the definition of automorphism of the Lie algebra; A : g → g in terms of the basis X j we have
where A i j s satisfy the following relation
Now, applying (37) in (27), one can obtain relations (33)- (35) where
are satisfied relations (27)-(31) and these show that ((g, φ
) is also a Jacobi-Lie bialgebra and is equivalent to the JacobiLie bialgebra ((g, φ 0 ), (g * , X 0 )). The above proposition in the case of φ 0 = 0 , X 0 = 0 recovers the equivalency between Lie bialgebras (g, δ) and (g, δ ′ ) [10] i.e. the relation
In this way, one can apply the definition 4 and proposition 5 for obtaining and classifying the Jacobi-Lie bialgebras directly.
Calculation of Jacobi-Lie bialgebras using adjoint representation
In this section, using the adjoint representation of the Lie algebras g and g * in (21) and (27)- (31), we organzine a way as in [12] for calculating and classifying low dimensional Jacobi-Lie bialgebras. Because of tensorial form of mentioned relations, working with them is very difficult and we suggest writing those equations in matrix forms using the following adjoint representations for the Lie algebras g and g *
Then, the matrix forms of the relations (21) and (27)- (31) become as follow, respectively,
where the matrices C, D mn have the following forms
and A, B,F are used to represent the following column matrices (where d is dimension of Lie algebras g and g * ).
Now, by substituting the structure constants of Lie algebra g in the matrix equations (42)- (46) and solving these equations simultaneously with (41); we obtain the structure constants of dual Lie algebras g * and the matrices A, B so that ((g, φ 0 ), (g * , X 0 )) is Jacobi-Lie bialgebra. By this method, we will classify two and three dimensional Jacobi-Lie bialgebras 3 . We perform this work in the following three steps similar to [12] .
Step 
then we obtain the following matrix equations for isomorphism
Where X i (g ′ ) are adjoint matrices of the known Lie algebra g ′ of the classification table. Solving equation (50) with the condition detC = 0, we obtain some extra conditions onf kl (g * ) m s that were obtained from (41)-(46).
Step 2: Obtaining general form of the transformation matrices B :
As the second step, we transform Jacobi-Lie bialgebra ((g, φ 0 ), (g * , X 0 )) (where in the Lie algebra g * we impose extra conditions obtained in the step one) to Jacobi-Lie bialgebra ((g, φ
is isomorphic as Lie algebra with g ′ ) using an automorphism A of the Lie algebra g. As the inner product (22) is invariant, we have
where A −t is inverse transpose of every matrix A ∈ Aut(g). Thus we have the following relation
Now, for obtaining Jacobi-Lie bialgebras ((g, φ
for this purpose, it is enough to omit f ij (g ′ .i) n between (52) and (53). Then we will have the following matrix equation for
Solving (54), we obtain the general form of matrix B with the condition detB = 0. In solving equation (54), one can obtain conditions on the elements of the matrix A; we must only consider those conditions under which we have detA = 0.
Step 3: Obtaining the non-equivalent Jacobi-Lie bialgebras Having solved (54), we obtain the general form of the matrix B so that its elements are written in terms of the elements of matrices A, C and structure constantsf ij (g * ) k and some α i and β i . Now with substituting B in (53), we obtain structure constants f ij (g ′ .i) n of the Lie algebra g ′ .i in terms of elements of matrices A and C and somef ij (g * ) k s and also using (34) and (35), we obtain the α ′i and β ′ i or column matrices A ′ and B ′ . Then we check whether it is possible to equalize some structure constants f ij (g ′ .i) n with each other and with ±1 such that detA = 0, detB = 0 and detC = 0. In this way, we obtain matrices B 1 , B 
, there is a question: which of these Jacobi-Lie bialgebras are equivalent? For answering this question, we use the matrix form of the relation (33). Consider the two Jacobi-Lie bialgebras ((g, φ
the relation (33) will have the following matrix form
On the other part, the transformation matrix between g ′ .i and g ′ .ii is B 2 B −1
A comparison of (57) In the next section, we apply this formulation to classify real two and three dimensional Jacobi-Lie bialgebras.
Classification of real two and three dimensional Jacobi-Lie bialgebras
In this section, we will use the classification of real two and three dimensional Lie algebras and their automorphism groups. It should be noted that for real two dimensional Lie algebras, we will use the classification of the ref [13] as in table 1 and for real three dimensional case we will use the Bianchi classification [14] as in table 2. 
As mentioned in the previous section, for obtaining Jacobi-Lie bialgebras, automorphism groups are necessary. These automorphism groups have been calculated using the transformation (37), or in the matrix form (with condition detA = 0) [10] (see also [15] ) using the following relation
The results are given in table 3. 
Now, using the method considered in section 3 and applying maple program for solving our equations (41)- (46), we could classify real two and three dimensional Jacobi-Lie bialgebras. Let us for explaining the method and steps mentioned in the previous section, investigate an example.
An example
In the following, we explain our method for this classification by describing the details of the calculations for obtaining the Jacobi-Lie bialgebra ((III, φ 0 ), (V.i, X 0 )). By substituting the structure constants of Lie algebra III in the matrix equations (41)- (46), we obtain the following form for the structure constants of g * and matrices A, Bf 
where condition detB = 0 requires γ = 0. Then, using (53) and (34)- (35) we have the following commutation relations for the algebra g ′ .i and the following forms for
where
Since
′ is equivalent to B and according to relations (34) and (35), A ′ and B ′ is equivalent to A ′′ and B ′′ , respectively, where A is automorphism group of Lie algebra III, then we can choose α ′ = 1. In this way we obtain the Jacobi-Lie bialgebra ((III, φ 0 ), (V.i, X 0 )) where X 0 = −(X 2 + X 3 ) and φ 0 = −2X 1 and commutation relations for V.i as
Note that, we have two classes of Jacobi-Lie bialgebras; first class is Jacobi-Lie bialgebras with X 0 ,φ 0 = 0 and second class is Jacobi-Lie bialgebras with X 0 or φ 0 = 0 5 . We give all real two and three dimensional Jacobi-Lie bialgebras in tables 4, 5 and 6, 7 respectively, as follow. Table 4 : Real two dimensional Jacobi-Lie bialgebras with X 0 ,φ0 = 0 Comments Table 6 : Real three dimensional Jacobi-Lie bialgebras with X 0 ,φ0 = 0 (X 2 +X 3 ) −(X 2 − X 3 ) a > 0, a = 1
Conclusion
In this paper, we have reformulated the definition of the Jacobi (generalized)-Lie bialgebras ((g, φ 0 ), (g * , X 0 )) in terms of structure constants of the Lie algebras g and g * and components of their 1-cocycles X 0 ∈ g and
